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Abstract

Consider the Hardy-type operator T': LP (a, b) — LP(a, b), —0o<a < b < 00, which is defined by

(Tf)(x) =v(x) / u(t) f(t)dt.

It is shown that
1 b )
pp(T) = ;o{p/ u(x)v(x) + 0(n™ "),
a

where p,, (T') stands for any of the following: the Kolmogorov n-width, the Gel’fand n-width, the Bernstein
n-width or the nth approximation number of 7.
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The aim of this note is to improve and extend results from [1]. We obtain sharper estimates for
the approximation numbers a, (7') and also for the n-widths of 7, where T stands for the weighted
Hardy-type integral operator T : L?(a, b) — LP(a, b), —oco<a < b < 00, which is defined by

X
(Tf) (x) =v(x)/ u(t) f(t)dt whereu,v > 0. (1)
a
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We keep the notation from [1]. We recall that:

Definition 1. Let 7 : L”(I) — L (1) be a bounded operator and n € N.
(i) The Kolmogorov n-width d,,(T') of T is defined by

dy(T) = dp(T(LP (D)), LP(I)) =inf  sup  inf [|Tx — yllLrq),
Xn xllppey <1 YEXn

where the infimum is taken over all n-dimensional subspaces X,, of L”(I).
(ii) The Gel’fand n-width d"(T) of T is defined by

d"(T) = d*(T(L"(I)), L (I)) = inf sup ITxN L)

L Yxlpery <1.xel”

where the infimum is taken over all subspaces of codimension n L, of L?([).
(iii) The Bernstein n-width b, (T') of T is defined by

by (T) = b, (T(LP (D)), LP(I)) = inf Tx|r ,
w(T) = by (T (LP(I)), LP(I)) ;uﬂ Txex:fl,rx;éo NTxN ey /IxllLe

where X,41 is any subspace of span {7x : x € X} of dimension >n + 1.

Ref. [2] gives us the following relation between the approximation numbers and n-widths:
an1(T) 2dy(T),  d"(T)Zby(T). @

We now prove the first essential lemma of this note.
Lemma 2. Lete > 0,1 < p <ooandlet] = (a,b). If N := N(¢);then by_2(T)>e.

Proof. From the definition of N (¢) we have thatfori =1,..., N—1,A(l;) = e.Let 1 € (0, 1).
Then from the definition of A(/;) we have, for eachi = 1,..., N — 1, a function ¢; € L?(I),
where ||¢; || p,; = 1, with support in /; such that

inf ||T¢; —avll,r, > AA(L) > Je.
aeR

Let Xy_1 = span{T ¢; ¢ = ZlNz_ll Ai¢;, i € R}. Then we can see that rank Xy_; >N — I.
Taking 0 # Tp € X1, then 0 # ¢ = S N1 Ji¢p; with 2; # 0 for some i.

N—1
TN, =Y T,

i=1

N—1 x a; p

= 1, (x)v(x) </ ii¢i(t)x,,-(t)dt+/ ¢(t)u(t)dt>
i=1 di a p.1
N—1 ) )4 ai

-y <T¢i(x)+v(x)%) sl . wheren, :=/ d)u(r) dt
i=1 i p.i a
N—1

> i‘é;fz 1T ¢; (x) — v(x)an;,iu,,»v’

1
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N—1
=) Y N illh 12al? = Ge)P lpllh
i=1

and the lemma follows. [

From the previous lemma and [1, Lemma 2.6] the next inequality follows.

an+1(T)<e<by_2(T) where N := N (¢). 3)
This with (2) give us
an+1(T)<e<an—1(T) and py(T)<e<py_o(T), “4)

where p (T) stands for any of the following dy (T'), dN(T) or by (T).
By [1, Lemma 2.7], (3) and (4) we have by techniques from [1]:

Theorem 3. Givenv € LP(a,b),u € LY (a, b) the operator T defined in (1) satisfies

b
lim np, (T) :otpf lu(t)v(t)| dt,
n— o0 a

where o, = A((0, 1), 1, 1) and p,(T) stands for any of the following: b,(T), d,(T), d"(T) or
ay(T).

Inequalities (3), (4) and Theorem 3 with techniques used in the proof of [1, Theorem 4.1] give
us the following theorem which is an extension of the main theorem from [1].

Theorem 4. Let —co<a < b<ooand I = (a,b). Letu € L”/(I), v € L?(I) and suppose that
u' e LP/P D (a by N C([a, b]), v € LP/PtD(a, b) N C([a, b]). Then

lim sup
n— o0

b
a,,/ lu(t)v(r)|dt — p,(T)n|n'/?

<e(p, P (1 s + 10 Wpscpany, 1) (el pr 1+ 101 poca,by) + 3op vl g,

where o, = A((0, 1), 1, 1), c(p, p') is a constant depending only on p and p" and p, (T) stands
for any of the following: d,,(T), d"(T), b, (T) or a,(T).

In the next lemma we improve [1, Theorem 4.1].

Lemmas5. Let 1 < p < 00,1 = (a,b), u € LP'(I), v € LP(I) and V' /v, u'Ju € L'(I) N

Cla, b]. Then
lim |N(e) [SN(e)—ocp/u(x)v(x)dx} </u(x)v(x)dx [/ LRGPP
e—>04 I 1 1| vx)
u'(x) u'(x)
+/I u(x) d”“”/, uy | &
v'(x)

<[ dx]

v(x)
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Proof. Take ||T|| > ¢ > 0 and N := N(¢). Then we have the following partition: / = U1N=1 I;,
A(l;) =¢efori ={l,...,N — 1} and A(Iy) < ¢. Define the following step functions:

N N

W) =) w0, v =)0 v (0,
i=1 i=l
N N

W) =) w0, v ) =) v, (),
i=1 i=1

+.& &

—e__ - +.& -,
where u; =Ssup,¢y, [u(x)], u; =infyey, [u(x)|, v; =sup,¢y, (V)] v;
Then we have

=infrer; [V(x)].

v — vt max W) and uf —u; < |1i] max i/ ()] (5)
x€l; x€el;
and from [1, Lemma 3.1] follows:
apu; v I S AL = e <opu vl 6)

and we can also see that
/u_’s(x)v_’g(x)dngu(x)v(x)dxgju+’8(x)v+’8(x)dx.
I 1 1

Let us estimate the upper bound for the following quantity:

K (¢) :=/(u+’8(x)v+’8(x) —uf v (x)) dx
1

N
+.e. +.€ —E& €
:Z|[i|(u,' v; —u; v )
i=1
N
= LG T — w7 T — ) (use (5))

i i i i i
i=1

[1;] [u;r’gUilmaX [v"(x)| + v;°|I;| max IM/(X)|:| (use (6))
xel; xel;

N
.MZ

—,& —,&
u; v; v; u;

/N
*ugl‘“
™

;" + |1 maxeey, [u' ()]

— |7i] —

u; Y;

+.e / —¢ /
u. 14, . V. ma .
|: N AR o) + gy ek Lu (x)|i| (use (5))

max,er, |v’(x>|}

N
le
AMZ

& maxyes, |u'(x)]
t Z [Wu——,s

i

N

€ —&
i

N / /
& max U (X max U (X
Z |:1 | xel,_| ( )I} 1y e [v" ()]
u

i
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N
€ maxyes; |u'(x)]
%p i u;

& N maXyey; |’4 (x)] maXxey; |v’(x)|
a_z 1+Z |I;| ———— |Ii|v——,g

i=1 i=1 i

L XN: [mmaxxez Lu (X)I}
OC u

i=1 i

—
v;

N N T

€ maxyey; |u'(x)| Iu (€9]] € maxyey; |v'(x)]

=M—Z | ——<= =2 +OTZ 1| ———
Poi=1

i=1

e L maxeey, V()] [ maxeer, |u/ ()] ]
to (Z [|L|v_—,£D (Z || —=—= )

i i=1 L Uj .
AR AR
1 1 1

From (6) we have: ZlN=1 apu; “v; °|I;|<eN and ZlN:I ocpu;r’evf’elm >¢&(N — 1) and then

N N

—,&_ —,& +,&, +,&
E oplt; " V; |I,'|—O(p/; uvgeN—otp/; uv < E oplt; |Ii|+£—ocp/1 uv
i=1 i=1

which gives us —K () <eN — a, fl uvdx <K(e) + ¢ and

and so

K
lim sup o, ©) g/
I

e—0 &

M/

u

v/

v

u/

u

v/

v

@)

—NK((E)<N <8N—O£p/ uvdx) <NK(e)+eN.
I

Using limg o, (eN(¢)) = ap f] uv dx and (7) we obtain
lim sup ‘N <8N - ocp/ uvdx)
e—>04 1
/ /
AR AR AR
I I I I I

u v
Lemma 5 and (2) with techniques used in [1] give us the following theorem:

u/

u

v/

— . O
> +ocp>

u v

Theorem 6. Let —co<a<b<oo and I = (a,b). Let ucL? (I), veLP(I) and ' /v), (' /u) €
L'(I) N Cla, bl; then

lim sup
n—oQ

n |:npn(T) — ozp‘/l u(x)v(x)dxi|
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v (x) u'(x)
</Iu(x)v(x)dx [/I 200 +/I s, dx + 20,
£ 0y [ £ 0],
1 ux) 1l v)

where p, (T) stands for any of the following: a,(T), d,(T), d"(T') or b,(T), and T is the Hardy-
type operator.

From Theorem 6 we have the following information about the second asymptotic:
1
p,(T) = ;oc,,/ u()v(x)dx + 0(n=2).
1

Remark 7. We have found that our method which is based on studying of behavior ¢ N (¢) cannot
be improved beyond the second term.
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